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Abstract
This paper considers the Free Differential Algebra and rheonomic parametrization
of type IIA Supergravity, extended to include the BRS differential and the ghosts. We
consider not only the ghosts λ’s of supersymmetry but also the ghosts corresponding
to gauge and Lorentz transformations. In this way we can derive not only the BRS
transformations of fields and ghosts but also the standard pure spinor constraints on λ’s.
Moreover the formalism allows to derive the action for the pure spinor formulation of type
IIA superstrings in a general background, recovering the action first obtained by Berkovits
and Howe.
1E-mail address: mario.tonin@pd.infn.it
1 Introduction
The pure spinor formulation of superstrings [1] is a very powerful method to provide a covariant
quantization of superstring theories in flat superspace [2] - [5] or in special backgrounds like for
instance AdS5×S5 [6], but it is also important to describe superstrings in general backgrounds
[7]- [12], especially in presence of RR fluxes.
The pure spinor formulation of σ-models to lowest order in α′ has been developed some time
ago in [7], both for heterotic and type II superstrings (for heterotic strings see also [8]; for first
order α′ corrections in the heterotic case, at the cohomological level, see [9].) The method of [7]
starts by writing the more general action invariant under worldsheet conformal transformations
and then derives the constraints of the background superfields by requiring nilpotence of the
BRST charge and holomorphicity of the BRST currents (or equivalently invariance of the action
under the BRST charge [10]).
Recently D’Auria, Grassi, Fre’ and Trigiante [12], working in the case of type IIA 2 super-
string, have proposed an alternative method that reverses this procedure: they start from the
geometrical formulation of type IIA supergravity and by generalizing a procedure [18], [19] well
known for Yang-Mills theories, to which we shall refer as the method of the Extended (Free)
Differential Algebra, they derive the constraints for the ghosts and the BRST invariant σ-model
action. However the constraints that they obtain are not standard. Moreover these constraints,
even if imply for the ghosts the same number of d.o.f.’s of the standard constraints, as they
argue, are quite involved and lead to a complicated action.
In this paper we present a variant of the approach of [12] for type IIA σ-models that instead
leads to the standard constraints on pure spinors and to the pure spinor action of [7]. The type
IIB case presumably can be treated in a similar way and hopefully will be presented elsewhere.
The paper is organized as follows. Section II deals with the geometrical description of type
IIA supergravity. In particular, after fixing notation, we present the supergravity constraints to
be used in the next sections. For that, we adopt the parametrization of the curvatures derived
in [12], [16]. In Section III we explain the approach of the Extended Differential Algebra and
we derive the BRST algebra and the standard constraints on pure spinors. In Section IV we
obtain the pure spinor action. The derivation of a property needed to assure the consistency
of this action is given in the Appendix.
2 Review of the geometrical description of D=10, type
IIA Supergravity
The geometrical formulation of D=10, type IIA SUGRA involves the following objects:
the vector-like and spinor-like supervielbeins Ea = dZMEM
a(Z) , EαL = dZ
MELM
α(Z) , EαˆR =
dZMERM
αˆ(Z) which are one-superforms, the Lorentz–group one–superform connection Ωab(Z);
2A reason to deal with the type IIA case is the recent interest on type IIA superstings in the AdS4 × CP
3
background [13] - [17].
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the NS-NS two-superform B2(Z); the dilaton superfield φ(Z); the R-R one-superform C1(Z) and
3-superform and C3(Z). The indices a = 0, 1, ...9, α = 1, ...16 and αˆ = 1, ..., 16),are respectively
the tangent space vector and spinor indices of D = 10 type IIA superspace. The spinor indices
are those of the Weyl-Majorana spinors with opposite chirality. ZM = (Xm, θµL, θ
µˆ
R) are the
superspace coordinates3.
Sometimes we shall use the notation that an upper (lower) index αˆ is written as a lower
(upper) index α so that, for instance,
EαˆR ≡ ERα.
We shall also write Eα = (EαL, E
αˆ
R) and E
A = (Ea, Eα) .
The curvatures of the superforms defined above and of the dilaton are:
the torsions
T a = ∆Ea ≡ dEa −EbΩb
a (2.1)
T αL = ∆E
α
L ≡ dEL
α −EL
βΩβ
α (2.2)
T αˆR = ∆E
αˆ
R ≡ dER
αˆ −ER
βˆΩβˆ
αˆ (2.3)
the Lorentz curvature
Rab = dΩab − ΩacΩ
cb (2.4)
the NS-NS curvature
H3 = dB2, (2.5)
the R-R curvatures
G2 = dC1 (2.6)
G4 = dC3 +B2dC1. (2.7)
and
F1 = dφ. (2.8)
∆ denotes the Lorentz covariant differential and Ωβ
α = 1
4
Ωab(Γab)β
α ≡ (Ωβ
α,Ωβˆ
αˆ). The torsions
and curvatures (2.1)-(2.7) satisfy the free differential algebra of Bianchi identities
∆T a = −EbRb
a (2.9)
3Letters from the middle of the alphabet denote curved indices, those from the begin of the alphabet denote
tangent space, Lorentz indices. Round brackets (square brackets) will denote symmetrization (antisymmetriza-
tion) with V [AV B] = 12 (V
AV B − V BV A) and V (AV B) = 12 (V
AV B + V BV A).
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∆T α = −EβRβ
α (2.10)
where
Rα
β =
1
4
Rab(Γab)α
β ≡ (RLα
β , RRαˆ
βˆ).
Moreover
∆Rab = 0 (2.11)
dH3 = 0 (2.12)
dG2 = 0 (2.13)
dG4 = H3G2 (2.14)
(2.11) is automatically satisfied if (2.9), (2.10) hold (Dragon theorem [20]).
The field equations are obtained from the Bianchi identities after imposing suitable con-
straints on the torsions and curvatures [21], [22]. There is some freedom in the choice of the
constraints, related to possible field redefinitions of supervielbeins and gauge superforms. We
will adopt the parametrization of torsions and curvatures given in [12], [16] that, in our notation,
results in the following solution of the supergravity constraints (rheonomic parametrization):
T a =
1
2
(ELΓ
aEL) +
1
2
(ERΓ
aER) (2.15)
TL
α =
1
4
[EL
α(ELDRφ) +
1
2
(Γab)αβEL
β(DRφΓabEL)]−
3
4
Ec(Γab)αβEL
βHcab
+Ec(MΓcER)
α + EbEcTLbc
α (2.16)
T αˆR =
1
4
[ER
αˆ(ERDLφ) +
1
2
(Γab)αˆβˆER
βˆ(DLφΓabER)] +
3
4
Ec(Γab)αˆβˆER
βˆHcab
−Ec(ELΓcM)
αˆ + EbEcTRbc
αˆ (2.17)
Rab =
3
2
[(ELΓcEL)− (ERΓcER)]H
cab + 2(ELΓ
[aMΓb]ER)
+Ec((ELΘRc
ab) + (ERΘLc
ab)) + EcEdRcd
ab (2.18)
H3 = −E
a[(ELΓaEL)− (ERΓaER)] + E
aEbEcHabc (2.19)
3
G2 = −e
φ(EREL)− e
φEa[(ELΓaDLφ)− (ERΓaDRφ)] + E
aEbGab (2.20)
G4 = e
φEaEb(ELΓabER) +
1
3
eφEaEbEc((DLφΓabcEL)
+(DRφΓabcER)) + E
aEbEcEdGabcd (2.21)
F1 ≡ dφ = E
α
LDRαφ+ E
αˆ
RDLαˆφ+ E
aDaφ (2.22)
where
ΘR/Lc|ab = −((ΓaTR/Lbc) + (ΓbTR/Lca)− (ΓcTR/Lab))
and Mαβˆ ≡Mαβ is a bispinor defined as
M ≡ eφP = eφ[PabcdΓ
abcd + PabΓ
ab] (2.23)
with
Pabcd = −
1
16
[e−φGabcd +
1
12
(DLφΓabcdDRφ)]
Pab = −
1
8
[e−φGab +
1
2
(DLφΓabDRφ)]
Dα ≡ (DRα, DLβˆ) and Da are the tangent space components of the differential d.
For further purposes it is convenient to display the (0,2) sectors of eqs. (2.16), (2.17) (i.e.
the sectors that involve products of two spinor-like superviewlbeins) by writing
EL
βEL
γXβγ
α ≡
1
4
[EL
α(ELDRφ) +
1
2
(Γab)αβEL
β(DRφΓabEL)]
ER
βˆER
γˆXβˆγˆ
αˆ ≡
1
4
[ER
αˆ(ERDLφ) +
1
2
(Γab)αˆβˆER
βˆ(DLφΓabER)] (2.24)
and noting, using the Fierz identities, that the contributions of these sectors can be rewritten
as
EL
βEL
γXβγ
α ≡ −EL
α(ELDRφ) +
1
2
(ELΓ
aEL)(ΓaDRφ)
α
ER
βˆER
γˆXβˆγˆ
αˆ ≡ −ER
αˆ(ERDLφ) +
1
2
(ERΓ
aER)(ΓaDLφ)
αˆ (2.25)
To conclude this section let us recall some identities, which will be useful later
∆αˆ∆βφ = −∆β∆αˆφ = −
1
2
(ΓcMΓc)βαˆ (2.26)
∆[α∆β]φ−∆αφ∆βφ+
1
4
(Γabc)αβHabc = 0
∆[αˆ∆βˆ]φ−∆αˆφ∆βˆφ−
1
4
(Γabc)αˆβˆHabc = 0 (2.27)
These identites follow by considering the sector (0,3) of the Bianchi identity (2.10) (that is the
terms proportial to the product of three Eα ), using (2.18) and computing ∆T α using (2.16),
(2.17). ∆α are the spinor-like tangent space components of the covariant diferential ∆.
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3 BRS Algebra and Pure Spinors Constraints
As already noted, the method of the Extended Differential Algebra proposed in [12] to derive
BRST transformations and pure spinor constraints is a generalization of a procedure [18],
[19] well known for Yang-Mills theories, which received a large number of applications, as for
instance in the descent equations for the consistent anomalies in gauge theories [23], [24], [25]
or in some treatments of topological twisted theories [26], [27].
Let us describe the case of Yang-Mills theory to illustrate the method. The Yang-Mills
algebra involves the connection A ∈ LieG valued in the Lie algebra of the gauge group G, with
curvature F = dA+AA and Bianchi identity ∆F = dF + aF −FA = 0. The extended algebra
is obtained by replacing d with dˆ = d+S and A with Aˆ = A+ c where S is the BRS differential
and c ∈ LieG is the ghost. The extended curvature and the extended Bianchi indetities are
defined by the same algebraic relations as for the unextended ones. The extended curvature is
constrained to be equal to the initial one
Fˆ = dˆAˆ + AˆAˆ = F (3.1)
so that, expanding in ghost number, eq.(3.1) is an identity in the sector with ghost number
ngh = 0. In the sector with ngh = 1 one has SA = −dc − cA − Ac ≡ −∆c, the BRS
transformation of A and in the sector with ngh = 2 one has Sc = −cc, the BRS transformation
of the ghost c.
Stora [18] calls eq. (3.1) the “Russian formula” ( see also [19] for a “superspace” derivation of
this formula).
This approach can be generalized to supergravity theories. The method consists of extending
the (Free) Differential Algebra of supergravity by replacing the differential d with d+ S where
S is the (full) BRST differential and by adding to each gauge (super)-form an associated ghost.
Since this extension is purely algebraic the definitions of torsions and curvatures and their
parametrizations remain the same for the extended objects.
In [12] all ghosts related to bosonic gauge symmetries are set to zero (so that only the ghosts
λα, related to supersymmetry, are kept), resulting in a constrained BRST algebra.
Our proposal differs from that of [12] in two respects.
The first difference is that we will keep non–zero not only the ghosts λα related to super-
symmetry but also the ghosts σ0, σ1, σ2 and ψ
ab ≡ ψ[ab] related to the gauge transformations
of C1, B2, C3 and to Lorentz transformations respectively.
However we shall maintain that the ghosts λa, related to translations, vanish. The rea-
son for taking λa = 0 is that this condition is nothing else but the main constraint of the
superembedding approach [28], [29]. The superembedding approach provides an alternatrive
description of the Green-Schwarz approach where the k-symmetry of the Green-Schwarz for-
mulation is reinterpreted as worldsheet supersymmetry. Its main feature is the requirment
that the components of the pull-back of the supervielbeins Ea along the odd dimensions of the
superworldsheet, vanish. On the other hand, from the point of view of superembedding , the
ghosts λA associated to the supervielbeins EA can be identified with the pull-back of EA along
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a Grassmann–odd dimension, parametrized by η, of the super worldsheet, λA = ∂ηZ
MEM
A [29],
so that λa = ∂ηZ
MEM
a = 0 is just the main requirement of the superembedding approach.
The second difference is motivated by the fact that the BRST transformations relevant for
the pure spinor approach are those related to the ghosts λα. Therefore we split the full BRST
differential S as
S = s+ δ
where s = sL+ sR is the BRST differential related to the ghosts λ
α ≡ (λL, λR) and δ generates
the BRST Lorentz and gauge transformations with gauge parameters given by the corresponding
ghosts.
Now we can define the extended (hatted) quantities:
Eˆa = Ea (3.2)
EˆL
α = EL
α + λL
α
EˆR
αˆ = ER
αˆ + λR
αˆ (3.3)
As for the extension of superforms other that EA (which can be expressed on the basis of the
supervielbeins EA) there are two possibilities: or one extends the supervielbeins themselves
before adding the ghosts or one keeps the supervielbeins unextended. Therefore one has
Ωˆab = Eˆ
CΩC
ab + ψab ≡ Ωab + ψ˜ab (3.4)
Bˆ2 = Eˆ
AEˆBBBA + σ1 ≡ B2 + σ˜1 (3.5)
Cˆ1 = Eˆ
ACA + σ0 ≡ C1 + σ˜0 (3.6)
Cˆ3 = Eˆ
AEˆBEˆCCCBA + σ2 ≡ C3 + σ˜2 (3.7)
Of course there is a relation between the ghosts and the ghosts tilded, that follow from (3.4)-
(3.7), given (3.3). Indeed
ψ˜ab = ψab + iλΩ
ab,
σ˜0 = σ0 + iλC1,
σ˜1 = σ1 + iλB2 +
1
2
iλ
2B2, (3.8)
σ˜2 = σ2 + iλC3 +
1
2
iλ
2C3 +
1
6
iλ
3C3. (3.9)
iλ acting on a superform denotes the contraction of this superform with λ
α.
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One should notice that, since B2 and C3 are superforms of degree higher than one, σ1 and σ2
contain in principle ghosts of ghosts that is σ1 = σ
1
1 +σ
2
0 and σ2 = σ
1
2 +σ
2
1 +σ
3
0 or σ˜1 = σ˜
1
1 + σ˜
2
0
and σ˜2 = σ˜
1
2 + σ˜
2
1 + σ˜
3
0 where σ
p
i and σ˜
p
i have ghost number p and form degree i. The definition
of σ˜pi is obvious from (3.8), (3.9) but notice in particular that σ˜
2
0 receives a contribution also
from iλσ1 and σ˜
2
1 and σ˜
3
0 from iλσ2 and
1
2
i2λσ2 .
Using these two options, we can define in the two ways the BRST differential
dˆ = d+ s+ δ ≡ d+ s˜+ δ˜. (3.10)
In the first option realized by δ, one assumes that δ induces infinitesimal Lorentz transformations
with Lorentz parameter ψab acting on Lorentz tensors, Lorentz connections and relative ghosts
and gauge transformations with parameters σi, i =( 0,1,2), acting on C1, B2 and C3 and relative
ghosts. In particolar
δC1 + dσ0 = 0 = δB2 + dσ
1
1 = 0,
δC3 + dσ
1
2 +B2dσ0 + dσ
1
1C1 = 0,
δΩab +∆ψab = 0.
Moreover
δσ11 + dσ
2
0 = 0 = δσ
1
2 + dσ
2
1 ,
δσ21 + dσ
3
0 = 0 = δσ
3
0
and
δψab = ψacψ
cb.
Notice that s + δ is nilpotent and anticommutes with the differential d. Moreover δ2 = 0 and
dδ + δd = 0 = sδ + δs. In this case the BRST differential s is nilpotent. However, just to
assure nilpotency, s, acting on non invariant quantities, induces Lorentz transformations with
parameter iλΩ
ab and gauge transformations with parameters iλC1, iλB2 and iλC3.
In the second option realized by δ˜, rewriting
s+ δ = s˜ + δ˜
as anticipated in (3.10), one assumes that δ˜ acts as δ but with the Lorentz and gauge param-
eters ψab and σi replaced by ψ˜
ab and σ˜i. In this case the non covariant Lorentz and gauge
transformations induced by s are absorbed by δ˜ and s˜ is the covariant BRST differential. Now
δ˜ does not anticommute with s˜ and therefore s˜ is no longer nilpotent. For instance, acting on
the Lorentz vector V a
s˜2V a = −
1
2
V biλ
2Rb
a (3.11)
However, acting on Lorentz scalar and gauge invariant superfields, s˜ coincides with s and is
nilpotent.
Since s is always nilpotent, the nilpotent BRST charge Q, relevant to the pure spinor
approach, generates the transformations induced by s (not s˜).
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Now one can define the torsions and curvatures of the hatted quantities as done in (2.9)-
(2.15) for the unhatted ones. Since the hatted superforms have the same algebraic properties
as the unhatted ones, they obey the same Bianchi identities and can be subject to the same
rheonomic parametrization, namely
Tˆ a = ∆ˆEˆa =
1
2
(EˆLΓ
aEˆL) +
1
2
(EˆRΓ
aEˆR) (3.12)
Hˆ3 = dˆBˆ2 = −Eˆ
a[(EˆLΓaEˆL)− (EˆRΓaEˆR)] + Eˆ
aEˆbEˆcHabc (3.13)
Tˆ αL = ∆ˆEˆ
α
L =
1
4
[EˆαL(EˆLDRφ) +
1
2
(ΓabEˆL)
α(DRφΓabEˆL)]−
3
4
Eˆc(ΓabEˆL)
αHcab
+Eˆc(MΓcEˆR)
α + EˆbEˆcTLbc
α (3.14)
Tˆ αˆR = ∆ˆEˆ
αˆ
R =
1
4
[EˆαˆR(EˆRDLφ) +
1
2
(ΓabEˆR)
αˆ(DLφΓabEˆR)] +
3
4
Eˆc(ΓabEˆR)
αˆHcab
−Eˆc(EˆLΓcM)
αˆ + EˆbEˆcTRbc
αˆ (3.15)
Rˆab = dˆΩˆab − ΩˆacΩˆ
cb =
3
2
[(EˆLΓ
cEˆL)− (EˆRΓ
cEˆR)]H
cab + 2(EˆLΓ
[aMΓb]EˆR)
+Eˆc((EˆLΘLc
ab) + (EˆRΘRc
ab)) + EˆcEˆdRcd
ab (3.16)
Gˆ2 = dˆCˆ1 = −e
φ(EˆREˆL)− e
φEˆa[(EˆLΓaDLφ)− (EˆRΓaDRφ)] + Eˆ
aEˆbGab (3.17)
Gˆ4 = dˆCˆ3 + Bˆ2dˆCˆ1 = e
φEˆaEˆb(EˆLΓabEˆR)
+
1
3
eφEˆaEˆbEˆc((DLφΓabcEˆL) + (DRφΓabcEˆR)) + Eˆ
aEˆbEˆcEˆdGabcd (3.18)
In the sector with zero ghost number the equations (3.12)-(3.18) reproduce the equations (2.9)-
(2.15).
In the sector with ghost number one, following the second option, and noticing that in the
left hand sides of eqs. (3.12)-(3.18) the action of δ˜ cancels the tilded ghosts, these equations
give
s˜Ea = (λLΓ
aEL) + (λRΓ
aER) (3.19)
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s˜B2 = −2E
a[(λLΓaEL)− (λRΓaER)] (3.20)
s˜EL
α = −∆λL
α +
1
4
[λL
α(ELDRφ) +
1
2
(ΓabλL)
α(DRφΓabEL)]
+
1
4
[EL
α(λLDRφ) +
1
2
(ΓabEL)
α(DRφΓabλL)]−
3
4
EcHcab(Γ
ab)αβλL
β + (MEcΓcλR)
α (3.21)
s˜ER
αˆ = −∆λR
αˆ +
1
4
[λR
αˆ(ERDRφ) +
1
2
(ΓabλR)
αˆ(DRφΓabER)]
+
1
4
[ER
αˆ(λRDRφ) +
1
2
(ΓabER)
αˆ(DRφΓabλR)] +
3
4
EcHcab(Γ
ab)αˆβˆλR
βˆ − (λLE
cΓcM)
αˆ (3.22)
s˜Ωab = 3[(ELΓ
cλL)− (ERΓcλR)]H
cab + 2(λLΓ
[aMΓb]ER) + 2(ELΓ
[aMΓb]λR)
−Ec[(λLΘLc
ab) + (λRΘRc
ab)] (3.23)
s˜C1 = −e
φ[(λLER) + (λREL)]− e
−φEa[(λLΓaDLφ)− (λRΓaDRφ)] (3.24)
s˜C3 = −B2s˜C1 + e
φEaEb[(λLΓabER) + (ELΓabλR)]
−
1
3
EaEbEceφ[(λLΓabcDLφ) + (λRΓabcDRφ)] (3.25)
Equations (3.19)-(3.25) are the BRST transformations of super vielbeins, Lorentz connection
and gauge forms, derived as in [12].
The sector with ghost number two is the most interesting for our purposes since it gives the
BRST trasformations of the ghosts and the ghost constraints.
Before discussing this sector it is convenient to do the mild assumption that
s˜σ˜11 = 0 (3.26)
Later on we will see that this assumption is quite natural and almost implied by the formalism.
Since λa = 0, from eq. (3.12) one has
0 = (λLΓ
aλL) + (λRΓ
aλR) (3.27)
With the assumption (3.26), eq. (3.13) gives
0 = −Ea[(λLΓ
aλL)− (λRΓ
aλR)] (3.28)
Since the vector supervielbeins are generic, equations (3.27), (3.28) imply the pure spinor
constraints
(λLΓ
aλL) = 0 = (λRΓ
aλR) (3.29)
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Using the extended version of the definition (2.24), at the level of ngh = 2, eqs. (3.14) and
(3.15) imply
s˜λL
α = λL
βλL
γXβγ
α
s˜λR
αˆ = λR
βˆλR
γˆXβˆγˆ
αˆ (3.30)
or, taking into account eqs.(2.25) and (3.29),
s˜λL
α = −λL
α(λLDRφ)
s˜λR
αˆ = −λR
αˆ(λRDLφ) (3.31)
Finally, from (3.16),(3.17) and (3.18) one has
s˜ψ˜ab = (λLΓ
[aMΓb]λR) +
3
2
[(λLΓcλL)− (λRΓcλR)]H
cab (3.32)
s˜σ˜0 = −e
φ(λRλL) (3.33)
s˜σ˜12 + σ˜
1
1 s˜C1 + σ˜
2
0G2 = e
φ[EaEb(λLΓabλR) +B2(λLλR)] (3.34)
In [12] the constraints for the λ’s are given by (3.27), (3.28) with Ea restricted to the world
sheet of the string together with two further constraints given by the r.h.s. of equations (3.33),
(3.34). In our approach, due to the presence of the ghosts σ˜0 , σ˜2 and ψ˜
ab, these last constraints
are avoided as well as the constraint given by the r.h.s. of (3.32) in the absence of the ghost
ψ˜ab.
Now let us show that the assumption (3.26) is (almost) implied by the extended Free Dif-
ferential Algebra under consideration.
Without the assumption (3.26), equation (3.28) becomes
s˜σ˜11 = −E
a[(λLΓ
aλL)− (λRΓ
aλR)] (3.35)
Now consider the extended Bianchi identity
dˆGˆ4 = Hˆ3Gˆ2
which is indeed automatically satisfied given (3.13), (3.17), (3.18). In the sector of ghost number
four it gives
eφEa[(λLΓ
bλL) + (λRΓ
bλR)](λLΓ
abλR) = e
φEa[(λLΓ
aλL)− (λRΓ
aλR)](λLλR) (3.36)
Then, from (3.27) and assuming
(λLλR) 6= 0, (3.37)
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equations (3.28) and (3.26) follow. The other possible solution of (3.36), (λLλR) = 0, is the
one relevant to the D=11, supermembrane [30], [31]. Equation (3.36) is quite obvious since it
is nothing else but the Fierz identity in eleven dimensions
(Γab)(αβ(Γb)γδ) = 0,
reduced to 10 dimensions and saturated with λα, λβ, λγ, λδ
Given the equations (3.19)-(3.34) one should verify the nilpotency of the BRST charge Q
acting on these superforms and ghosts. This can be done systematically starting from the
relevant Bianchi identities but in the most of the cases it is very easy to perform the checks
directly.
We conclude this section by deriving a useful property of the left handed and right handed
BRS differential of the bispinor P αβˆ. Using (3.28), equation (3.32) can be written as (s˜+δ˜)ψ˜ab =
ψ˜acψ˜
cb + (λLΓ
[aMΓb]λR). Then the nilpotency of (s+ δ) = (s˜+ δ˜) yields the identity
s˜(λLΓ
[aeφPΓb]λR) = 0
where eφP αβˆ is defined in (2.23). Taking into account (3.31), this equation gives
(λLΓ
[a[(λL
α∆αP + λR
αˆ∆αˆP )]Γ
b]λR) = 0 (3.38)
Equation (3.38) also follows from the Bianchi identity
∆ˆRˆab = 0
in the sector with ghost number three.
If one defines
s˜LP
βγˆ ≡ λL
α∆αP
βγˆ = λL
αCLα
βγˆ
s˜RP
βγˆ ≡ λR
αˆ∆αˆP
βγˆ = λR
αˆCRαˆ
βγˆ (3.39)
equation (3.38) implies
CLα
βγˆ = δα
βCL
γˆ +
1
4
(Γab)α
βCLab
γˆ
CRαˆ
βγˆ = δαˆ
γˆCR
β +
1
4
(Γab)αˆ
γˆCRab
β (3.40)
Now note that a generic matrix Yα
β can be decomposed as follows:
Yα
β = Y (0)δα
β + Y
(2)
ab (Γ
ab)α
β + Y
(4)
abcd(Γ
abcd)α
β .
If the term Y
(4)
abcd is absent we shall say that Yα
β is Lorentz and Weyl valued or in short LW-
valued . The same is valid for the matrix Yαˆ
βˆ. For instance, according to (3.39), CLα
βγˆ and
CRαˆ
βγˆ are LW-valued with respect to the indices α, β and αˆ, γˆ respectively.
This result will be important in the next section to assure the consistency of the pure spinor
action.
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4 Pure Spinor Action
In this section we derive the pure spinor action, in two different ways that will be described in
the subsections 4.1 and 4.2 respectively. As a result we recover the action first obtained in [7].
Before doing that, some preliminary considerations are in order. The ghosts σ’s and ψ do
not appear in the action, while one must add to the superspace coordinates ZM and the ghosts
λα the antighosts
ωα = (ωRα, ωLαˆ)
with ghost number ng = −1, which are the conjugate momenta of λ
α , and the fields
dα = (dRα, dLαˆ)
that involve the conjugate momenta of ZM and are essentially the BRS partners of ωα. From
the worldsheet point of view, ωR, dR and ωL, dL are right-handed and left-handed chiral fields
respectively.
Since, as a consequence of the pure spinor constraints, λα contains 11 + 11 degree of freedom,
also ωα should contain 11 + 11 independent components. This is realized by assuming that the
pure spinor action is invariant under the ω-gauge symmetry
δ(ω)ωR/L = Λ
a
R/L(ΓaλL/R) (4.1)
where ΛaR/L are gauge parameters.
The dα appear in the nilpotent BRS charge
4
Q = QL +QR =
∮
λαdα
that is
QL =
∮
(λLdR),
QR =
∮
(λRdL).
under which the action must be invariant. In order to specify Q and prove its nilpotency
one needs the expression for dα. As has already been noted, Q generates the transformations
induced by the BRS differential s and a suggestion to obtain an ansatz for dα comes from the
action of s on superfields and ghosts. In particular from (3.30) one has
sλα = λβλγ [Ωβγ
α +Xβγ
α] (4.2)
Since the BRS trasformations of λα do not vanish, dα must contain terms linear in ω in order
to reproduce (4.2). Therefore a general form of dα is expected to be
dRα = d
(0)
Rα + (Ωαβ
γ +Xαβ
γ)ωRγλL
β + Ωαβˆ
γˆωLγˆλR
βˆ
4Here and in the following
∮
denotes
∫
dσ+ or
∫
dσ− according to the case where σ± are worldsheet light-cone
coordinates.
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dLαˆ = d
(0)
Lαˆ + (Ωαˆβˆ
γˆ +Xαˆβˆ
γˆ)ωLγˆλR
βˆ + Ωαˆβ
γωRγλL
β
where d(0) does not depend on ω and λ and Ωαβ
γ are the tangent space spinorial components of
the Lorentz connection.There is an ambiguity in the form of Xβγ
α since (4.2) specify only the
component of this superfield which is symmetric in β, γ and modulo the pure spinor constraints.
A convenient choice of Xαβ
γ ≡ (Xαβ
γ , Xαˆβˆ
γˆ) that reproduces (4.2) (i.e (3.31)) and is LW-valued
in β, γ is
Xαβ
γ =
1
4
[δβ
γDRαφ+
1
2
(Γab)β
γ(ΓabDRφ)α]
Xαˆβˆ
γˆ =
1
4
[δβˆ
γˆDRαˆφ+
1
2
(Γab)βˆ
γˆ(Γab)αˆ
δˆDRδˆφ] (4.3)
d(0)α acting on superfields induces the tangent space derivatives Dα and
{Q, (d
(0)
R/Lα} = −(E
a
∓ΓaλL/R)α + 2λ
β(Ω(βα)
γ +X(βα)
γ)dγ (4.4)
where Ea± are the pullbacks of the vector-like vielbeins E
a on the worldsheet.
With this expression for dα the BRS charge is
Q =
∮
λα[d(0)α + (Ωαβ
γ +Xαβ
γ)ωγλ
β]
and
Q2 = −
∮
λαλβλγR˜αβγ
δωδ
where R˜Lα
β and R˜Rαˆ
βˆ are the curvatures of the Lorentz connections Ω˜Lα
β = Ωα
β + EγLXγα
β
and Ω˜Rαˆ
βˆ = Ωαˆ
βˆ + E γˆRXγˆαˆ
βˆ
By an explicit computation of the l.h.s. of this equation and using the identities (2.26)
and (2.27) one can verify that Q is indeed nilpotent. From the expression for Q one can also
compute the BRS transformations of ωα and dα
sωα = −dα − λ
β(Ωβα
γ +Xβα
γ)ωγ (4.5)
sdα = −(E
a
∓Γa)αβλ
β + 2λβR˜αβγ
δλγωδ + λ
β(Ωβα
γ +Xβα
γ)dγ (4.6)
The covariant form of equation (4.5) is
s˜ωα = −dα − λ
βXβα
γωγ, (4.7)
that is
s˜L/RωR/Lα = −dR/Lα − λ
β
L/RXβα
γωR/Lγ
s˜R/LωR/Lα = 0
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Eq. (4.7) contains a term proportional to (ωR/LΓabcdλL/R) which is non invariant under (4.1).
It is useful to remark that in the covariant BRS transformation of eφωR/L this ill-behaved term
is removed. Indeed, using the identity
ωαλ
β =
1
16
[δα
β(ωλ)−
1
2
(Γab)α
β(ωΓabλ) +
1
24
(Γabcd)α
β(ωΓabcdλ)],
one has
λ
β
L/RXβα
γωR/Lγ + (λL/R∆R/Lφ)ωR/Lα ≡ λ
β
L/RYβα
γωR/Lγ
where
Yβα
γ =
1
4
[3δβ
γDαφ−
1
2
(Γab)β
γ(ΓabDRφ)α] = Yαβ
γ
Yβˆαˆ
γˆ =
1
4
[3δβˆ
γˆDαˆφ−
1
2
(Γab)βˆ
γˆ(ΓabDLφ)αˆ] = Yαˆβˆ
γˆ (4.8)
are LW-valued superfields with respect to β, γ and βˆ, γˆ respectively and
s˜L/R(e
φωR/Lα) = −dR/Lα + λ
β
L/RωR/LγYβα
γ (4.9)
It is instructive to compute the action of Q2 on λα, dα and ωα.
For λ one can confirm that Q applied to λα is nilpotent since s2λα = λδλβλγR˜δβγ
α = 0.
At first sight, this is not true for dα since taking the BRST differential of (4.6), after some
algebra, one obtains
s2dR/Lα = −(Γ
aλL/R)α(λR/LΓa)β [E
β
∓R/L ± (sL/R(MR/LωR/L)
β] (4.10)
where ML = M , MR is the transpose of M and M is defined in (2.23). However, if we assume
that E∓R/L satisfy the field equations
(E±R/L)
α ± sL/R(M
αβ
R/LωR/Lβ) = 0, (4.11)
s2dR/L vanishes on shell. Afterward we shall prove that these field equations are indeed satisfied
as variations of the pure spinor action with respect to dα.
However s2ω does not vanish since from (4.5) and (4.6) one has
s2ωR/L = (E∓
aΓaλL/R) (4.12)
This failure of nilpotency is a consequence of the ω-gauge transformation (4.1). Indeed s2,
acting on ω, vanishes only modulo this gauge transformation.
Therefore eq (4.12) is consistent and one can proceed to derive the pure spinor action living
with eq. (4.12). This is done in subsection 4.1 following [12]
However, even if (4.12) is consistent, one could be disappointed by the fact that the square
of a nilpotent charge gives a non vanishing result acting on some object. It is possible to avoid
this result by fixing the ω-gauge symmetry and using the so called Y-formalism [29], [32] - [35].
In this formalism one can construct the pure spinor action in a way which is more on line with
the original proposal considered in [8] for the heterotic string.This is done in subsection 4.2.
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4.1 Derivation of the pure spinor action
The general method to construct pure spinor superstring actions in generic backgrounds is the
following. One starts from the Green-Schwarz action IGS in conformal gauge, computes its BRS
variation and then adds a “gauge fixing” action Igf given by the (left-handed and right-handed)
BRS variation of a suitable “gauge fermion” ( a functional with ghost number ng = −1) such
that the total action is BRS invariant.
Igf has to satisfy two conditions:
i) Its BRS variation must cancel the variation of the Green-Schwarz term.
ii) It must be invariant under the gauge transformations (4.1) i.e. its dependence on ωR/L
should involve only the terms (ωR/LλL/R), (ωR/LΓabλL/R) and (ωR/LdλL/R) .
The Green-Schwarz action is
IGS =
1
2
∫
[Ea+ηabE
b
− +B+−] (4.13)
where B+− is the pullback of the NS-NS superform B2.
The BRS variation of IGS is
sIGS =
∫
[(λLE
a
−ΓaE+L) + (λRE
a
+ΓaE−R)] (4.14)
A term which fulfils the condition i) is
I
(0)
gf = −
∫
s[(E+LωR) + (E−RωL)] (4.15)
Indeed, taking into account that s2 is non vanishing only when acts on ωL/R and using (4.12),
one can see that sI
(0)
gf cancels the variation of IGS. However this term cannot be the whole
story since when s˜R/L acts on E±L/R, the term
I
(1)
gf = −
∫
[(ωRME
a
+ΓaλR)− (λLE
a
−ΓaMωL)]
arises, which is incompatible with the condition ii). Therefore, following [12], we replace I
(0)
gf
with
I
′(0)
gf = I
(0)
gf − I
(1)
gf = −
∫
[sL(E+LωR) + sR(E−RωL)].
I
(1)
gf can be rewritten as
I
(1)
gf = −
∫
(s2R − s
2
L)(ωRMωL) (4.16)
This expression suggests to add the term
I
(2)
gf = 1/2
∫
(sLsR − sRsL)(ωRMωL) =
∫
sLsR(ωRMωL) (4.17)
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in order to cancel the variation of I
(1)
gf . As a result, the “gauge fixing” action is
Igf = I
(0)
gf − I
(1)
gf + I
(2)
gf = −
∫
[sL(E+LωR) + sR(E−RωL)] +
∫
sLsR(ωRMωL) (4.18)
This expression for the “gauge fixing” action has been proposed in [12] and shown to be BRS
invariant. In fact the variation of I
(0)
gf cancels the variation of the G-S action, as already noted,
and
sI
(1)
gf = sI
(2)
gf .
Indeed the variation of I
(1)
gf is
sI
(1)
gf =
∫
(sLs
2
R − sRs
2
L)(ωR(e
φP )ωL)
and the variation of I
(2)
gf is
sI
(2)
gf =
∫
(s2LsR + sRsLsR)(ωR(e
φP )ωL)
Since (sLsR + sRsL) always vanishes, the r.h.s.’s of these two equations are equal.
Now let us compute Igf .
Using (3.21), (3.22) and (4.5) one gets for I
(0)
gf − I
(1)
gf
I
(0)
gf − I
(1)
gf =
∫
[(E+LdR) + (E−RdL) + (ωR∆
(L)
+ λL) + (ωL∆
(R)
− λR)] (4.19)
where
(∆(L/R)λL/R)
α = dλα − λβΩ(L/R)β
α −
1
4
λα(EL/RDL/Rφ) (4.20)
and Ω(L/R)β
α is defined as
Ω(L/R)β
α =
1
4
(Γab)β
α(Ωab +
1
2
(EL/RΓ
abDL/Rφ)∓ 3E
cHc
ab) (4.21)
Note that the second term in the variation of ωL/R (see equations (4.5), (4.3) ) is essential
for the consistency of the result since it cancels the terms 1/4[(ωR/LEL/R)(λL/RDL/Rφ) +
1/2(ωR/LΓ
abEL/R)(DL/RφΓabλL/R)] coming from the variation ofEL/R (equations (3.21), (3.22)).
In the absence of this term in the r.h.s. of (4.5) the result would be inconsistent with the con-
dition ii). This is an important consistency check of the ansatz (4.3) for Xβγ
α.
To compute I
(2)
gf it is convenient to use the first expression for I
(2)
gf in (4.17) to get
I
(2)
gf = −
∫
(s˜L(ωRe
φ)Pe−φs˜R(ωLe
φ))−
∫
(s˜L(ωRe
φ)(s˜RP )ωL)−
∫
(ωR(s˜LP )s˜R(ωLe
φ))
+
1
2
∫
eφ(ωRα((s˜Rs˜L − s˜Ls˜R)P
ααˆ)ωLαˆ)
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+
1
2
∫
eφ[(s˜Rs˜LωRα + (s˜Rs˜Lφ)ωRα)P
ααˆωLαˆ − ωRαP
ααˆ(s˜Ls˜RωLαˆ + (s˜Ls˜Rφ)ωLαˆ)] (4.22)
The terms involving s˜R/Ls˜L/Rφ in the last integral arise to avoid double counting.
The first three terms in the r.h.s. of (4.22) are consistent with the condition ii) since the
monomials λαωβ are saturated by LW-valued superfields. In fact
I
(a)
gf ≡
∫
(s˜L(ωRe
φ)Peφs˜R(ωLe
φ)) =
∫
(dRα − λL
βωRγYβα
γ)eφP ααˆ(dLαˆ − λR
βˆωLγˆYβˆαˆ
γˆ) (4.23)
I
(b)
gf ≡
∫
(s˜L(ωRe
φ)(s˜RP )ωL) = −(dRα − λL
βωRγYβα
γ)eφCRβˆ
αγˆλR
βˆωLγˆ (4.24)
and
I
(c)
gf ≡
∫
(ωR(s˜LP )s˜R(ωLe
φ)) = −λL
βωRαe
φCLβ
ααˆ(dLαˆ − λR
βˆωLγˆYβˆαˆ
γˆ) (4.25)
The last two integrals in (4.22), that is,
I
(d)
gf =
1
2
∫
eφ(ωRα((s˜Rs˜L − s˜Ls˜R)P
ααˆ)ωLαˆ) (4.26)
and
I
(e)
gf =
1
2
∫
eφ[(s˜Rs˜LωRα + (s˜Rs˜Lφ)ωRα)P
ααˆωLαˆ − ωRαP
ααˆ(s˜Ls˜RωLαˆ + (s˜Ls˜Rφ)ωLαˆ)] (4.27)
are potentially dangerous since both give contributions that violate condition ii). Luckily
these contributions cancel each other. This is proved in the Appendix where the LW-valued
contributions of the last two integrals are computed. The result is
I
(d)
gf + I
(e)
gf =
∫
eφωRβλL
αωLγˆλR
δˆCαδˆ
βγˆ +
∫
eφωRβλL
αωLγˆλR
δˆC˜αδˆ
βγˆ (4.28)
where
Cαδˆ
βγˆ = Πασ
βτ (∆[τ∆τˆ ]P
σσˆ)Πσˆδˆ
τˆ γˆ (4.29)
and
C˜βδˆ
γγˆ = eφΠβτ
γσ[Rσσˆρ
τP ρτˆ −Rσσˆρˆ
τˆP τ ρˆ + (ΓcPΓc)σσˆP
τ τˆ ]Πτˆ δˆ
σˆγˆ (4.30)
where
Πασ
βτ = δα
βδσ
τ −
1
16.4!
(Γabcd)α
β(Γabcd)σ
τ
is the projector that projects on the LW-valued component of a superfield Yτ
σ and Πσˆδˆ
τˆ γˆ is
defined in a similar way in terms of the hatted quantities.
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Adding to the Green-Schwarz action (4.13) the contributions of Igf which are given in (4.19),
(4.23), (4.24), (4.25), and (4.28) one obtains the pure spinor action for type IIA superstring in
a general background:
I =
∫
[
1
2
(Ea+E−a +B+−) + E
α
+LdRα + E
αˆ
−RdLαˆ
+ωRα(∆
(L)
+ λL)
α + ωLαˆ(∆
(R)
− λR)
αˆ − dRαM
αβˆdLβˆ
+dRγe
φC˜γαˆβˆωLαˆλR
βˆ + ωRβλ
α
Le
φC˜ γˆβαdLγˆ − ωRαλ
β
LS
αγˆ
βδˆωLγˆλ
δˆ
R] (4.31)
where ∆
(L/R)
± are the pullbacks of the covariant differentials defined in (4.20), (4.21). C˜
γαˆ
βˆ,
C˜ γˆαβ and S
αγˆ
βδˆ
are given by
C˜γαˆβˆ = CRβˆ
αˆγ + P γγˆYβˆγˆ
αˆ
C˜ γˆαβ = CLβ
αγˆ + P γγˆYβγ
α
Sαγˆ
βδˆ
= Cαγˆ
βδˆ
+ C˜αγˆ
βδˆ
+ Yβγ
αP γβˆYδˆβˆ
γˆ
where P , CRβˆ
αˆγ, CLβ
αγˆ , Yβˆγˆ
αˆ, Yβγ
α, Cαγˆ
βδˆ
and C˜αγˆ
βδˆ
are defined in the equations (2.23), (3.39),
(4.8), (4.29), (4.30) so that all the superfields in (4.31) are given explicitly in terms of the
components of torsions and curvatures, or more specifically in terms of P , φ and their (covariant)
derivatives.
The action is manifestly invariant under BRS transformations as well as under the gauge
tranformation (4.1) of ω . Moreover the field equations obtained from the action (4.31) varying
dα are
Eα+L = −e
φ(P αβˆL dLβˆ − C˜
αβˆ
γˆλ
γˆ
RωLβˆ)
Eαˆ−R = e
φ(P αˆβR dRβ − C˜
αˆβ
γλ
γ
LωRβ) . (4.32)
They are identical to equations (4.11) and assure the on shell nilpotency of s acting on dα. The
action (4.31) is precisely the action first obtained in [7].
4.2 Alternative derivation of the action. The Y-formalism
Y-formalism.
If the equal time Poisson Brackets (ETPB’s) among ω and λ are the canonical ones, the
ETPB’s among ωR/L and (λL/RΓ
aλL/R) do not vanish:
{ω(σ)R/Lα, (λ(σ
′)L/RΓ
aλ(σ′)L/R)} = 2(Γ
aλL/R(σ
′))αδ(σ
′ − σ) (4.33)
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The constraint (λL/RΓ
aλL/R) = 0 generates the gauge transformation (4.1) of ωR/L, but in the
pure spinor approach this constraint is assumed to hold in a strong sense and therefore equation
(4.33) is unsatisfactory. This problem can be avoided [1], [8] by assuming the following ETPB
among ω and λ:
{ωα(σ), λ
β(σ′)} = δ(σ − σ′)[δα
β −Kα
β] (4.34)
where Kα
β ≡ (KLα
β, KRαˆ
βˆ) are the projectors
KLα
β =
1
2
(ΓaλL)α(YRΓa)
β
KRαˆ
βˆ =
1
2
(ΓaλR)αˆ(YLΓa)
βˆ (4.35)
with
YR/Lα =
VR/Lα
(VR/LλL/R)
so that
(YR/LλL/R) = 1.
If one chooses VR/L constant, Kα
β breaks Lorentz invariance. Moreover it is singular at
(VL/RλL/R) = 0.
In the case of IIA superstrings one can avoid the breaking of Lorentz invariance by choosing
YR/L =
λR/L
(λRλL)
. (4.36)
In the following we shall adopt this choice. With this choice, if one defines
Kαβ =
1
2
(ΓaλR)
α 1
(λLλR)
(λLΓa)β,
KR and KL are transposed to each other, and
Kαβ = (KR)
α
β.
Even if now the Lorentz invariance is preserved, K is still singular when (λRλL) = 0. In any
case these deseases - breaking of Lorentz invariance and/or singular nature of K - are innocuous
since, as we shall see, any dependence of K will be absent in the final results.
Gauge fixing.
One can gauge fix the ω-gauge symmetry (4.1) by requiring
(ωR/LΓ
aλR/L) = 0.
Using the projector K , this gauge fixing condition is equivalent to
(KωL) = 0 = (ωRK) (4.37)
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or
ωRα = ωRβ(1−K)
β
α ωL
α = (1−K)αβωL
β (4.38)
which are consistent with (4.34). Also notice that
(KλL)
α = 0 = (λRK)α (4.39)
and
(λLΓ
a(1−K))α = 0 = ((1−K)Γ
aλR)
α (4.40)
Equation (4.40), toghether with (4.38) implies that ωR/L have vanishing ETPB’s with the con-
straint (3.29). Moreover, since TrKR/L = 5, KL and KR project on five-dimensional subspaces
of the 16-dimensional spinorial spaces and therefore each of the ghosts λL, λR, ωR and ωL has
eleven components. The fields dα can be splitted as
d⊤Rα = (dR(1−K))α
d⊤αL = ((1−K)dL)
α
d⊥Rα = (dRK)α
d⊥αL = (KdL)
α.
Only d⊤R/L appears in the BRS charge Q so that d
⊤
R/L are the BRST partners of ωR/L. With
these definitions, the BRST transformations of ωα, d
⊤
α , d
⊥
α can be obtained by projecting (4.5)
and (4.6) on the subspaces spanneds by the projectors K and (1−K). In particular
s˜d⊥Rα = −[(λLE
a
−Γa)γ − 2(λLλR)(ωRM)γ + (λLDRφ)d
⊥
Rγ − λ
β
LYβγ
δd⊥Rδ]K
γ
α
s˜d⊥αL = −K
α
γ[(E
a
+ΓaλR)
γ + 2(λLλR)(MωL)
γ + (λRDLφ)d
⊥γ − λβˆRYβˆτˆ
σˆd⊥Lσˆδ
τˆγ] (4.41)
Projecting (4.10), (4.12) with (1−K), one has
s2d⊤R/L = 0 = s
2ωR/L (4.42)
Moreover
s2d⊥Rα = −(λRλL)(E−R + s˜L(ωRM))γK
γ
α
s2d⊥αL = −(λRλL)K
α
γ(E+L − s˜R(MωL))
γ (4.43)
The right hand sides of (4.43) vanish on shell if E∓R/L satisfy the field equations (4.11). It
follows from (4.42), (4.43) that now s is nilpotent acting on any field or ghost.
Derivation of the Action
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In this formalism the strategy to derive the pure spinor action is similar to [8]. Add to the
Green-Schwarz action a new K-dependent term I(K) such that IGS + I(K) is BRST invariant.
Then add the “gauge fixing” term Igf = s
∫
F to cancel the dependence on K in the total
action. The “gauge fermion” F is a local functional with ngh = −1. Since s is always nilpotent,
Igf is automatically BRS invariant.
A possible choice of I(K) is
I(K) = −
∫
[(dRKE+L)− (E−RKdL)]−
∫
(dRKMKdL)− 2
∫
(λLλR)(ωRMRKMLωL) (4.44)
Indeed
s˜[(dRKE+L)−(E−RKdL)] = [(λLE
a
−ΓaE+L)+(λRE
a
+ΓaE−R)]−2(λLλR)[(ωRMKE+L)−(E−RKMωL)]
+[(dRKME
a
+ΓaλR)− (λLΓaE
a
−MKdL)]
s˜(dRKMKdL) = −[(dRKME
a
+ΓaλL)−(λRΓaE
a
−MKdL)]−2(λLλR)[(ωRMKMKdL)+(dRKMKMωL)]
and
2s˜[(λLλR)(ωRMKMωL)] = −2(λLλR)[(ωRMKM(1 −K)dL) + (dR(1−K)MKMωL)]
+2(λLλR)e
φ[ωR(λ
α
LC˜Lα)KMωL) + (ωRMK(λ
αˆ
RC˜Rαˆ)ωL)]
so that
sIGF + sI(K) = 0.
modulo the field equations (4.32).
Then choosing
Igf = s
∫
[(dRKMωL)− (ωRMKdL)]− s
∫
[(ωRE+L) + (E−RωL)]
+
1
2
s
∫
[(s˜R − s˜L)(ωRMωL)] (4.45)
one can verify that the total action
I = IGS + I(K) + Igf
reproduces the pure spinor action (4.31).
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5 Conclusion
To summarize, in this paper, generalizing the method of Extended Differential Algebra, pro-
posed in [12], we have shown that it is possible to start from a geometrical formulation of
Type IIA supergravity (rheonomic parametrization of torsions and curvatures) and derive the
standard pure spinor constraints, the nilpotency of the BRST charge, and the BRST invari-
ant action of the pure spinor superstrings formulation.The pure spinor constraints follow from
the requirement that the ghosts λa, related to the vector-like supervielbeins, vanish (similar
to the superembedding constraint) together with the mild assumption that (λLλR) does not
generically vanish.
In a sense this reverses the pattern followed in [7] where, starting from the nilpotency of the
BRST charge and the most general BRST invariant action (or, equivalently, the holomorphicity
properties of the BRST currents), a consistent set of on shell supergravity constraints is derived.
The results that we obtain are equivalent to those of [7] modulo the different choice of
the supergravity constraints. However, the supergravity constraints from which we start (and
the superfields which appear in the final action) differ from those derived in [7] at most by a
redefinition of supervielbeins, superconnections, gauge superforms and the dilaton. The fact
that in [7] the structure group is very large (it involves three independent local Lorentz groups,
for vector, left-handed and right-handed spinors and two independent local Weyl groups for
left-handed and right-handed spinors) should not deceive. Indeed, as shown in [7], this large
gauge symmetry must be gauge fixed and reduced to a single local Lorentz invariance in order
to cancel some spurious superfields in torsion components. However the form of the left-handed
and right-handed Lorentz and (gauge fixed) Weyl connections remain different and this is also
an a posteriori result of our approach ( see (4.20) and (4.21)).
The pure spinor action has been derived in two ways. In particular the second derivation is a
generalization to the case of IIA superstring of a procedure first proposed in [8] for the heterotic
string. An advantage of this method is that, once the Green-Schwarz action is modified by the
addition of suitable K-dependent terms in order to promote its k-symmetry to a pure-spinor
BRS symmetry, the remaining step to get the pure spinor action is a standard BRS-like gauge
fixing procedure i.e. the addition of a BRS exact , local action.
The rheonomic parametrization that we have adopted in this paper is that considered in
[12]. However, since all the consistent parametrizations are equivalent (in the sense specified
above) it is quite evident that the procedure described in this paper can be used starting with
any consistent rheonomic parametrization.
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Appendix. Computation of I
(d)
gf + I
(e)
gf
In this Appendix we study the integrals I
(d)
gf and I
(e)
gf defined in (4.26) and (4.27) and show that
the contributions of these integrals that violate the ω-gauge invariance cancel each other.
To compute I
(d)
gf let us consider the left-handed and right-handed BRS variations of eqs.(3.39)
s˜Rs˜LP
βγˆ ≡ λL
αλR
δˆ∆δˆCLα
βγˆ (A.1)
s˜Ls˜RP
βγˆ ≡ λL
αλR
δˆ∆αCRδˆ
βγˆ (A.2)
It follows from (3.40) that ∆δˆCLα
βγˆ and ∆αCRδˆ
βγˆ are LW-valued with respect to α, β and δˆ, γˆ
respectively, so that we can write
1
2
∫
eφωRα((s˜Rs˜LP
ααˆ)ωLαˆ) =
∫
eφωRβλL
αωLγˆλR
δˆ[CLαδˆ
βγˆ + ΞLαδˆ
βγˆ] (A.3)
and
1
2
∫
eφωRα(s˜Ls˜RP
ααˆ)ωLαˆ) =
∫
eφωRβλL
αωLγˆλR
δˆ[CRαδˆ
βγˆ + ΞRαδˆ
βγˆ ] (A.4)
where CL/Rαδˆ
βγˆ are LW-valued both in the indices α, β and δˆ, γˆ whereas ΞLαδˆ
βγˆ is the contribu-
tion which is LW-valued in α, β but not in δˆ, γˆ, the latter being proportional to (Γabcd)δˆ
γˆ. On
the other hand ΞRαδˆ
βγˆ is LW-valued in δˆ, γˆ but not in α, β which is proportional to (Γabcd)α
β.
Therefore
I
(d)
gf =
1
2
∫
eφωRα((s˜Rs˜L − s˜Ls˜R)P
ααˆ)ωLαˆ
=
∫
eφωRβλL
αωLγˆλR
δˆ[Cαδˆ
βγˆ + (ΞRαδˆ
βγˆ − ΞLαδˆ
βγˆ)] (A.5)
where
Cαδˆ
βγˆ ≡ CLαδˆ
βγˆ − CRαδˆ
βγˆ = Πασ
βτ (∆[τ∆τˆ ]P
σσˆ)Πσˆδˆ
τˆ γˆ (A.6)
Πασ
βτ and Πσˆδˆ
τˆ γˆ being the projectors that project on the well-behaved components of superfields
Yα
β and Yδˆ
γˆ respectively. Cαδˆ
βγˆ are LW-valued both in α, β and δˆ, γˆ.
To compute ΞR/L let us consider, instead of (A.5), the integral
1
2
∫
eφωRα((s˜Rs˜L + s˜Ls˜R)P
ααˆ)ωLαˆ =
∫
eφωRβλL
αωLγˆλR
δˆ[CLαδˆ
βγˆ + CRαδˆ
βγˆ
+(ΞRαδˆ
βγˆ + ΞLαδˆ
βγˆ)] = −
∫
eφωRβλL
αωLγˆλR
δˆ[Rαδˆτ
βP τ γˆ +Rαδˆσˆ
γˆP βσˆ] (A.7)
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where the last equality follows taking into account the action of s˜2 on Lorentz valued fields
(see (3.11)). By performing in (A.7) a gauge transformation of ωLγˆ i.e.by replacing ωLγˆ with
Λc(λRΓ
c)γˆ only ΞL survives and is determined unambiguosly from the last identity in (A.7 ).
The same can be repeated for ΞR by replaciung ωRβ with Λc(λLΓ
c)β.
Then to compute I(e) let us write
I
(e)
gf = I
(e1)
gf − I
(e2)
gf
where
I
(e1)
gf =
1
2
∫
eφ(s˜Rs˜LωRα + (s˜Rs˜Lφ)ωRα)P
ααˆωLαˆ ≡ λL
βωRγλR
δˆωLγˆX(L)βδˆ
γγˆ
I
(e2)
gf =
1
2
∫
eφ(ωRαP
ααˆ(s˜Ls˜RωLαˆ + (s˜Ls˜Rφ)ωLαˆ)) ≡ λL
βωRγλR
δˆωLγˆX(R)βδˆ
γγˆ (A.8)
It follows from (4.9) that X(L) is LW-valued in β, γ and X(R) is LW-valued in δˆ, γˆ so that we
can write
XL/Rβδˆ
γγˆ = C˜L/Rβδˆ
γγˆ +ΨL/Rβδˆ
γγˆ
and
I
(e)
gf = I
(e1)
gf − I
(e2)
gf = λL
βωRγλR
δˆωLγˆ(C˜βδˆ
γγˆ +ΨRβδˆ
γγˆ −ΨLβδˆ
γγˆ) (A.9)
where C˜ ≡ C˜L − C˜R is LW-valued both in β, γ and in δˆ, γˆ and ΨLβδˆ
γγˆ ( ΨRβδˆ
γγˆ) is LW-valued
in (β, γ) but not in (δˆ, γˆ) ( in (δˆ, γˆ) but not in (β, γ) ). Since s˜RωR = 0 = s˜LωL, I
(e1)
gf and I
(e2)
gf
can be rewritten as
I
(e1)
gf =
1
2
∫
eφ[(s˜Rs˜L + s˜Ls˜R)ωRα + (s˜Rs˜Lφ)ωRα]P
ααˆωLαˆ
=
∫
eφ[λL
αωRβλR
δˆωLγˆRαδˆτ
βP τ γˆ + (s˜Rs˜Lφ)ωRαP
ααˆωLαˆ] (A.10)
I
(e2)
gf =
1
2
∫
eφωRαP
ααˆ[(s˜Ls˜R + s˜Rs˜L)ωLαˆ) + (s˜Rs˜Lφ)ωLαˆ]
=
∫
eφ[λL
αωRβλR
δˆωLγˆRαδˆτˆ
γˆP βτˆ + ωRαP
ααˆ(s˜Ls˜Rφ)ωLαˆ] (A.11)
Now, instead of I
(e1)
gf − I
(e2)
gf , let us consider I
(e1)
gf + I
(e2)
gf .
I
(e1)
gf + I
(e2)
gf =
1
2
∫
eφ[((s˜Rs˜L + s˜Ls˜R)ωRα)P
ααˆωLαˆ + (ωRαP
ααˆ(s˜Ls˜R + s˜Ls˜R)ωLαˆ)]
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so that
I
(e1)
gf + I
(e2)
gf =
∫
eφλL
αωRβλR
δˆωLγˆ[Rαδˆτ
βP τ γˆ +Rαδˆσˆ
γˆP βσˆ] (A.12)
From this equation one can compute ΨR/Lβδˆ
γγˆ following the same argument used before to
compute ΞR/Lβδˆ
γγˆ . Comparing the right hand sides of (A.7) and (A.12) one finally concludes
that
ΨR/Lβδˆ
γγˆ = −ΞR/Lβδˆ
γγˆ
so that
I
(d)
gf + I
(e)
gf = −
1
2
∫
eφλL
βωRγλR
δˆωLγˆ(Cβδˆ
γγˆ + C˜βδˆ
γγˆ) (A.13)
Moreover, from (A.10), (A.11) and taking into account (2.26) it follows that
C˜βδˆ
γγˆ = eφΠβτ
γσ[Rσσˆρ
τP ρτˆ −Rσσˆρˆ
τˆP τ ρˆ + (ΓcPΓc)σσˆP
τ τˆ ]Πτˆ δˆ
σˆγˆ (A.14)
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